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Abstract. In this paper, we propose a two-component generalization of the 
generahzed Hunter-Saxton equation obtained in |22l . We will show that this 
equation is a bihamiltonian Euler equation, and also can be viewed as a bi- 
variational equation. 



1. Introduction 

V.I. Arnold in [T suggested a general framework for the Euler equations on an 
arbitrary (possibly infinite-dimensional) Lie algebra Q. In many cases, the Euler 
equations on Q describe geodesic flows with respect to a suitable one-side invariant 
Riemannian metric on the corresponding group G. Now it is well-known that 
Arnold's approach to the Euler equation works very well for the Virasoro algebra 
and its extensions, see [6l [TOl [13l [141 HSl US and references therein. 

Let X'(S^) be a group of orientation preserving diffeomorphisms of the circle and 
G = X'(S^) © M be the Bott- Virasoro group. In [Bl, Ovsienko and Khesin showed 
that the KdV equation is an Euler equation, describing a geodesic flow on G with 
respect to a right invariant metric. Another interesting example is the Camassa- 
Holm equation, which was originally derived in [1] as an abstract equation with a 
bihamiltonian structure, and independently in [9] as a shallow water approximation. 
In [TU] , Misiolek showed that the Camassa-Holm equation is also an Euler equation 
for a geodesic flow on G with respect to a right-invariant Sobolev i?^-metric. 

In [13], Khesin and Misiolek extended the Arnold's approach to homogeneous 
spaces and provided a beautiful geometric setting for the Hunter-Saxton equation, 
which firstly appeared in |8] as an asymptotic equation for rotators in liquid crystals, 
and its relatives. They showed that the Hunter-Saxton equation is an Euler equa- 
tion describing the geodesic flow on the homogeneous spaces of the Bott- Virasoro 
group G modulo rotations with respect to a right invariant homogeneous metric. 

Furthermore, by using extended Bott- Virasoro groups, Guha etc. [iTl [161 EI] 
generalized the above results to two-component integrable systems, including sev- 
eral coupled KdV type systems and 2-component peak type systems, especially 2- 
component Camassa-Holm equation which was introduced by Chen, Liu and Zhang 
[T7] and independently by Falqui [15]. Another interesting topic is to discuss the 
super or supersymmetric analogue, see [6] [121 [SI (iQl [23l [24] and references therein. 

Recently Khesin, Lenells and Misiolek in [3^ introduced a generalized Hunter- 
Saxton (/i-HS in brief) equation lying mid- way between the periodic Hunter-Saxton 
and Camassa-Holm equations, 

(1-1) ftxx — '^f^if^fx ^ '^fxfxx ^" f fxxxj 
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where / = f{t,x) is a time-dependent function on the unit circle = M/Z and 
fj,{f) = Jgi fdx denotes its mean. This equation describes evolution of rotators in 
liquid crystals with external magnetic field and self-interaction. 

Let 2?*(§^) be a group of orientation preserving Sobolev diffeomorphisms of 
the circle. They proved that the fi-HS equation describes a geodesic flow on 
V{S>^) with a right-invariant metric given at the identity by the inner product 

(1-2) {f,9)^^Km9)+ I nx)g'{x)dx. 

They also showed that (|1.2[) is bihamiltonian and admits both cusped as well as 
smooth traveling-wave solutions which are natural candidates for solitons. In this 
paper, we want to generalize these to a two-component /i-HS (2-/iHS in brief) 
equation. Our main object is the Lie algebra Q — Vect*(§^) k C°°(S^) and its 
three-dimensional central extension Q. Firstly, we introduce an inner product on Q 
given by 

(1.3) (/, g)^ = ^i{f)^i{g) + f {f'ix)g'{x) + a{x)h(x))dx + ^ • ^, 

where / = {f{x)-^,a{x),~^), g = {g{x)-£,b{x),~f^) and e R^. Afterwards, 

we have 

Theorem 1.1. [=Theorem \2.S\ . The Euler equation on Q*^g with respect to ()1.3p 
is a equation 

Q ^\ f —fxxt — 2/i(/)/2; - "^fxfxx — ffxxx + VxV — Jlfxxx + l2Vxx, 

\ Vt^ {vf)x--f2fxx + '2'^3Vx, 

where jj G M, j = 1, 2, 3. 

Actually from the geometric view, if we extend the inner product ()1.3p to a left 
invariant metric on G = ViS^) k C°°(S^) eR^, we could view the 2-/iHS equation 
(|1.4p as a geodesic flow on G with respect to this left invariant metric. Obviously, 
if we choose v — and — 0, j — 1,2,3 and replace t by —t, (|1.4p reduces to 
(jl.ip . Furthermore, we show that 

Theorem 1.2. [=Theorem \3 . 1\ and \4.1\ . The equation p.4p can be viewed 

as a bihamiltonian and bi-variational equation. 

This paper is organized as follows. In section 2, we calculate the Euler equation 
on In section 3, we study the Hamiltonian nature and the Lax pair of the 

2-/iHS equation (|1.4p . Section 4 is devoted to discuss the variational nature of l|1.4p . 
In the last section we describe the interrelation between bihamiltonian natures and 
bi-variational natures. 
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2. EULERIAN NATURE OF THE 2-/iHS EQUATION 

Let 'D^{S^) be a group of orientation preserving Sobolev diffeomorphisms 
of the circle and let TidI?*(S^) be the corresponding Lie algebra of vector fields, 
denoted by Vect^(§i) = {f{x)£\f{x) e H^{S^)}. 

The main objects in our paper will be the group ^^(S^) k C°°(§^), its Lie algebra 
g = Vect' (§i) K C°°(§i) with the Lie bracket given by 

[(/(x)^, a(x)), {g{x)^,b{x))] = (^if{x)g'{x) ~ f'{x)g{x))-^Jix)b\x) - a'{x)g{x) 

and their central extensions. It is well known in [3l [7] that the algebra Q has a 
three dimensional central extension given by the following nontrivial cocycles 

(2.1) uj,({f{x)^,a{x)),{g{x)^Mx)))^f f{x)g"{x)dx, 

\ dx dx J Jgi 

^2 (^{f{x)-^,a{x)),{g{x)^,b{x))^ = Jjf {x)b{x) - g" {x)a{x)]dx, 

({f{x)^,a{x)),{g{x)^,b{x))) -2 / a{x)b"ix)dx, 
\ dx dx J Jgi 

where f{x), g{x) £ H^iS^) and a{x), b{x) S C°°(§i). Notice that the first co- 
cycle uji is the well-known Gelfand-Fuchs cocycle [21 [S]. The Virasoro algebra 
Vir — Vect*(S^) 0M is the unique non-trivial central extension of Vect*(§^) via the 
Gelfand-Fuchs cocycle cji. Sometimes we would like to use the modified Gelfand- 
Fuchs cocycle 

(2.2) CoJ{f{x)^,a{x)),{g{x)-^,b{x))] ^ f {cf {x)g" (x) + {x)g{x))dx, 

\ dx dx J Jgi 

which is cohomologeous to the Gelfand-Fuchs cocycle lui, where ci, C2 G M. 
Definition 2.1. The algebra Q is an extension of Q defined by 

(2.3) g ^ VecfiS^) IX C^(§i)®R^ 
with the commutation relation 

(2.4) [/, g] = (^ifg' - fg)^, fb' - a'g, , 

where f = {f{x)-£,a{x),~^), g = {g{x)-£,b{x),l^) and ~^ e and 1^ = 
Let 

(2.5) = C°°(S^) ©C°°(§i) ©M^ 

denote the regular part of the dual space Q* to the Lie algebra G, under the pairing 

(2.6) {uj)*= f {u{x)f(x)+a{x)v(x))dx + ^ -^^ 

where u — {u{x){dx)'^ , v{x), ^) G ^?*. Of particular interest are the coadjoint orbits 

in g;^g.^ 

On g, let us introduce an inner product 

(2.7) (/, g)^ = KDKg) + I {nx)g'{x) + a{x)b{x))dx + ^-^. 
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A direct computation gives 

if, 9), = {f,{m{dxfMx)J))\ K{g) = ^i{g)-g"{x), 
which induces an inertia operator A : Q — > Qreg given by 

(2.8) A{g) = {A{g){dx)\bix)J). 

Theorem 2.2. The 2-fiHS equation (jl.4p is an Euler equation on G*gg with respect 
to the inner product (j2.7p . 

Proof. By definition, 

{ad*^{u),g)* — ~{u, [f,g])* by using integration by parts 

= {{{2ufx + u^f + OxV - ai/xxx + a2axx){dxY, {vf)x - a2fxx + la^iOx^G) ,gY 

This gives 

ad*^{u) = {{2ufx + u^f + a^v - aif^xx + a2axx){dx)'^ , {vf)^ - a2fxx + 2a3ax,0)- 
By definition in , the Euler equation on 0*^^ is given by 

(2.9) ^=ad*^^.^u 

as an evolution of a point u G Q*eg- That is to say, the Euler equation on Q*^g is 

Ut = 2ufx +Uxf + VxV - Jifxxx + l2Vxx, 
Vt = {vf)x - l2fxx + 273U:c, 

where u{x, t) — A(f(x, t)) — ^{f) — fxx- By integrating both sides of this equation 
over the circle and using periodicity, we obtain 

This yields that 

fxxt — '^f^i.f^fx ^fxfxx f fxxx ^x^ ^ifxxx "4" ^2'^XX-) 
Vt = {vf)x - 72 fxx + 273W2:, 

which is the 2-/iHS equation (|1.4p . □ 

Remark 2.3. // we replace the Gelfand-Fuchs cocycle uji by the modified cocycle 
Wi , the Euler equation G*^g is of the form 

-fxxt = 2^l{f)fx - 2fxfxx - f fxxx + VxV - JlCifxxx + l2Vxx + 7lC2fx, 

vt = {vf)x - 72/2:2; + 273i;;j;. 

3. Hamiltonian nature of the 2-^HS equation 

In this section, we want to study the Hamiltonian nature of the 2-/l(HS equation 
(|1.4p and its geometric meaning. We will show that 

Theorem 3.1. The equation (|1.4p is bihamiltonian. 
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Proof. Let us define u{x,t) — A(/) = fi{f) — fxx and 
(3.1) H^ = \ I iuf + v^)dx 



and 



(3.2) i/2 - / {Kf)f + ^ff' + ^fv' - l2vf. + l3v' - -fffxx)dx. 



§1 



It is easy to check that the 2-/iHS equation can be written as 
(3.3) (l) M)=J2^ ^ 



A' Hi 

6v / V Sv 



where the Hamiltonian operators are 

By a direct and lengthy calculation we could show that Hamiltonian operators Ji 
and J2 are compatible. □ 

Next we want to explain the geometric meaning of the bihamiltonian structures 
of the 2-/iHS equation (|1.4p . Let Fi : Q*^g — R, i = 1, 2, be two arbitrary smooth 

functionals. It is well-known that the dual space G*eg carries the canonical Lie- 
Poisson bracket 

(3.5) {Fr,F^Uu)^{u,[-^,-l])\ 

ou ou 

where u = (u(x,t)(dx)2,t>(x,i),7) G S^e, and ^ = (^,^,^) e = 1,2. 
By definition of the Euler equation (12. 9p . we know that the Lie-Poisson structure 
p.5p is exactly the second Poisson bracket, induced by J2, of the 2-/iHS equation 

(El- 

To explain the first Hamiltonian structure, in the following we will use the "frozen 
Lie-Poisson" method introduced in [13]. Let us define a frozen (or constant) Poisson 
bracket 

(3.6) {F,,F,Uu) = {uo,[^-^,^-^]r, 

ou Ou 

where uq = (uQ^dx)'^ ,vq,^q) € Greg- The corresponding Hamiltonian equation for 
any functional F : Q*^g — > M reads 

(3.7) — = ad*sFUo 

dt se. 

which gives 

„ ,SF, ,SF, r.,SF, f.,SF, 

Ut = 2uo{ — )x + {^)xVo - li{^)xxx + l2\^)xx, 

OU ov ou OV 

, o^SF, „ r.,SF, 

(3.8) vt = ivo-^)x - 72(^)- + 273(^). 

70, t = 0- 

Let us take the Hamiltonian functional F to be 

(3.9) H2 = [ W)f + If fx + \f^^ - I2vfx + 73^^' - ^-^ffxx)dx 
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and set u{x,t) = A{f{x,t)) = fi{f) — fxx- Then we have 
5F 1 

5F 

(3.10) =vf -^^fx + 2^^v. 
ov 

Let us choose a fixed point 

uo = (-"0, Wo, 7o) = (0, 0, (1, 0, i)). 

Observe that d^A^^ = -d^- By substituting (IXTUl) into (IXSt . we obtain the 2-/xHS 
equation (|1.4p . According to the Proposition 5.3 in il3^, { , }i and { , }2 are 
compatible for every freezing point uq. Consequently we have 

Theorem 3.2. The 2-fiHS equation (|1.4p is Hamiltonian with respect to two com- 
patible Poisson structures p.5l) and p.6p on Q*^^ , where the first bracket is frozen 
at the point — {uo, Vo, 70) — (0, 0, (1, 0, i)). 

Let us point out that the constant bracket depends on the choice of the freez- 
ing point iiQ, while the Lie- Poisson bracket is only determined by the Lie algebra 
structure. 

To this end we want to derive a Lax pair of 2-/xHS equation (|1.4p with ^ = 0, 
i.e., 

(3.11) - fxxt='^fJ-{f)fx-'^fxfxx- ffxxx+VxV, Vt^{vf)x. 

Motivated by the Lax pair of the two-component Camassa-Holm equation in |17j, 
we could assume that the Lax pair of p. lip has the following form 

(3.12) ^x = C/*, *i = 
with 

AA(/)-AV I) 4 



where A is a spectral parameter. The compatibility condition 

Ut -Vx + UV -VU = 
in componentwise form reads 

P=-Y, q^Px + riXA{f)-W), 

2X^vvt + Xfxxt + qx- 2p(AA(/) - X^v^) = 0. 
By choosing r — f ^ wc have 

P = -y, 'Z = -%^ + (/-^)(AA(/)-AV) 

and 

fxxt + 2fl{f)fx - 2fxfxx - ffxxx + VxV + 2Xv{vt ~ {vf)x) = 

which yields the system (|3.1ip . Let us write — ^ , we have 

Proposition 3.3. The system (j3.1ip has a Lax pair given by 

i^xx = (AA(/) - X\^)^p, V't = (/ - ^}^x - Ifx^, 
where A G C — {0} is a spectral parameter. 
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4. Variational nature of the 2-^HS equation 

In [22] , they have shown that the /i-HS equation can be obtained from two 
distinct variational principles. In this section we will show that the 2-fiHS equation 
(|1.4p also arises as the equation 

6S = 

for the action functional 

JiJ jCdx)dt 
with two different densities C. That is to say, 

Theorem 4.1. The 2-iiHS equation (|I.4p satisfies two different variational prin- 
ciples. 

Proof. Motivated by the Lagrangian densities for the /i-HS equation in |22| . 
by some conjectural computations we find two generalized Lagrangian densities for 
the 2-/iHS equation (|1.4I) . More precisely, 

Case I. Let us consider the first Lagrangian density 

(4.1) = \fl + \^x{f)f + \v' ~ vz^ + w{fz^ -zt+ 731-) + - 271/, 

where 73 = 73 — 17^. Varying the corresponding action with respect to /, v, w and 
z respectively, we get 

fxx = + WZ^ + 72 Wj; - 271, 

(4.2) Zx^v + l3W, 

Zt ^ JZx + I3V - ^2jx, 

By using (|4.2p . we have 

Vt = Zxt - Jsm = [f{v + 73W) + 73W - J2fx]x - 73((w/)x - Vx), 

(4.3) = {vf)a: - J2fxx + {2j3 - ll)Vx, 

and 

fxxt ^" fxfxx ^" f fxxx 

= ~(pif) + WZx + l2Wx)t + fxipif) + WZx + j2Wx - 2ji) + f{^I{f) + WZx + ^2Wx)a 
= -WtZx - WZxt + IWxt + fxWZx + fWxZx + fwZxx + l2fWxx + 271/2: 
=(4l4)+ 2^l{f)fx + l2Vxx - 27l/x- 



Notice that if we replace / by / + 71 in the system (|4.3p and (|4.4p , this gives the 
2-^IIS equation ([L4|) . 



Case II. The second variational representation can be obtained from the La- 
grangian density 

(4.5) £2 = -fxft + Mf)f + ffx. + f4>l - 11 f fxx - 2j2<Pxfx + 2j3(t>l - ^x(t>t- 

The variational principle 6S = gives the Eulcr-Lagrange equation 

.4 -fxt = 2fi{f)f + - i/J - ffxx + - llfx + 720.., 

= {f4>x)x - l2fxx + 2'^'i(^xx. 
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If we set (jjx — V and take the x-derivative of the first term in (|4.6p . this yields the 
2-/LtHS equation (HH]). □ 



5. Relation between Hamiltonian nature and Variational nature 



Recall that we have shown that the 2-/xHS equation (|1.4p is bihamiltonian and 
has two different variational principles. In the last section we want to study the 
relation between Hamiltonian natures and bi- variational principles and prove that 



Theorem 5.1. The two variational formulations for the 2-iiHS equation (jl.4p for- 
mally correspond to the two Hamiltonian formulations of this equation with Hamil- 
tonian functionals Hi and H2 ■ 

Proof. The action is related to the Lagrangian hy S — J {J Cdx)dt. The first 
variational principle has the Lagrangian density, 

^1 = ^/x + ^KDf + - VZ^ + w{fZx ~ Zt+ J3V) + j2Wxf - 271/. 

The momenta conjugate to the velocities ft, wt, zt and wt, respectively, are 

dCi dCi dCi dCi 

aft owt azt owt 

Consequently, the Hamiltonian density is 

H = —ztw — L\ 

= - - + VZx - w{fZx + 73U) - 72Wa;/ + 271 

= - \jl + - //xx, by using g^. 

Therefore, the Hamiltonian is 

H = lHdx = I {^^,if)f - \fl + - ff,,)dx 



ipif).f - fUx + V^)dx, 



2 

which is exactly Hi defined in p.ip . 

In the second principle the Lagrangian density is 

C2 = -f jt + Mf)f + ffl + f^l ~ 7i//xx - 2720./x + 2730' - <f>.^t. 
The momenta conjugate to the velocities /( and 0t, respectively, are 

dC2 _ _ dC2 _ _ , 
dft d(l)t 
Consequently, the Hamiltonian density is 

= -fxft - <t)x4>t - C2 

- -2/i(/)/2 - ffl - f<g + Jiffxx + 2j24>xfx - 2730^ 

Now let us set (p^ — v and so 

H = I {-2^i{f)f ~ ffl - fv^ + -iiffxx + 272^;/. - 273^;2)dx = 
where H2 is defined in p.2p . □ 
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